Abstract. In this note we aim to complete the results by Koskela concerning the radial uniqueness for Sobolev functions.
Statement of results
For 1 < p < ∞ and an open set G ⊂ R n , we denote by W 1,p (G) the Sobolev space of all functions u on G such that
where ∇ denotes the gradient. For a set E ⊂ G, we define
where the infimum is taken over all u ∈ W 1,p (R n ) such that u = 0 outside G and |x − y| 1−n |∇u(y)|dy 1 for every x ∈ E (see [2] , [7] and [9] ). We write C p (E) = 0 if C p (E ∩ G; G) = 0 for every bounded open set G. Let B denote the unit ball in R n . For each u ∈ W 1,p (B), we can find an extension u * ∈ W 1,p (R n ) with compact support such that u = u and u * is p-precise in the sense of Ziemer [10] . In view of [4] , [5] , we note further that u * can be written as
with a constant c, where " · " denotes the usual inner product and the integrals are absolutely convergent p-q.e. (quasi everywhere) on R n , that is, for every x ∈ R n −E with C p (E) = 0. This implies that u ∈ W 1,p (B) has a fine boundary limit u * (ξ) for p-q.e. ξ ∈ ∂B (see [3] , [7] and [11] ).
Our aim in this note is to show the following theorem. 
with a positive constant A and
where
Remark. P. Koskela [1] has recently treated the case where
for small r; these functions clearly satisfy (2).
Next we show that our result is sharp in the following sense.
Theorem 2. Let ϕ be a positive nonincreasing function on the interval
(0, ∞) satisfying (1) and 1 0 [ϕ(r)] −1/(p−1) r −1 dr < ∞, 1 < p < ∞. (4)
Then there exists a continuous function
u on R n such that u ∈ W 1,p (R n ), u satisfies (3), u > 0 on B and u = 0 outside B.
Proof of Theorem 1
We use the notation B(x, r) to denote the open ball centered at x with radius r; hence B = B(0, 1).
Let us begin with the following lemma, which is an easy consequence of the definition of C p .
B(x,1)
|x − y| 1−n |f (y)|dy = ∞}. for r ≤ 1; set a(r) = a(1) for r > 1. Throughout this note, let M denote various constants independent of the variables in question.
Now we are ready to prove Theorem 1. For this purpose, we may assume that u 0 a.e. on B. We suppose that {x ∈ B : u(x) > 0} has positive measure, and obtain a contradiction.
For functions f and g, define
and f ∧ g(x) = min{f(x), g(x)}.
For each positive integer j, set
for the function a in Lemma 2. Note that
and |∇u j | = 0 a.e. outside G j . Hence it follows from (3), (1) and (6) that
Consider p-precise extensions u * , v * ∈ W 1,p (R n ) with compact support such that u = u * and v = v * for almost every x ∈ B. If ξ ∈ ∂B and |ξ − y| 1−n |∇u * (y)|dy < ∞, then u * (x + r(ξ − x)) is absolutely continuous on (0, ∞) for almost every x ∈ B (see [4, p.725] and [8] ).
If
} for large j, say j j 0 , so that 
with a positive constant M (b) (see e.g. [6, (ϕ5) 
]).
We now consider the inverse function t = f −1 (r) and define Hence it suffices to take A such that A 1−p M = 1.
